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5 ! Abstract 

We present a calculation of the matrix theory 2-loop effective action for a D0- 
brane in the background of the recently discussed D0-D6 bound state configuration. 
The effective DBI action of a DO-brane probe in the background of the corresponding 
4-dimensional non-super symmetric black hole solution to low-energy type IIA string 
theory compactified on a 6-torus is known to agree with the matrix theory calculation 
at 1-loop order, in the limit in which the ratio of the DO-brane to the D6-brane charges 
carried by the black hole is large. Agreement at 2-loop between the supergravity 



Vh ' description and a conjectured nonabelian BDI effective super Yang-Mills description 



has also been recently reported. However, we find uncanceled ultraviolet divergences 
in our direct matrix theory calculation of the 2-loop effective action. This is consistent 
with the expected nondecoupling of massive open string states from the 6-brane. 



adhar@theory.tifr. res. in 



1 Introduction and Summary 

Recently several authors have discussed a non-supersymmetric configuration of DO- and D6- 
branes |1|, 0, |, f|, [|, || |7j in the context of supergravity /super Yang-Mills correspondence 
conjectured by matrix theory ||. These studies have uncovered many interesting features 
of this brane configuration. This configuration appears as a classical solution in (6+1)- 
dimensional super Yang-Mills theory 0. The energy spectrum of the configuration with 
arbitrary number of DO- and D6-branes M, which is labelled by the corresponding Ramond- 
Ramond charges, turns out to be identical to the mass spectrum of a non-supersymmetric 
extremal black hole solution to the classical equations of low-energy type IIA string theory 
compactified on a six-torus down to 4-dimensions || [10], ^ [U], [12], [L3|, [HJ . This is surprising 



because in the absence of supersymmetry in this system one would have expected the weak 
coupling gauge theory result for the energy spectrum to get modified in the strong coupling 
regime corresponding to supergravity. Furthermore, the configuration has been studied with 
various brane probes and agreement has been found at the 1-loop level between matrix theory 
and supergravity calculations || |, |^, ||, [15[ , in the limit of large zero to six brane charge ratio. 
In this limit, a DO-brane scattering off this configuration is dominated by DO-DO scattering 
and this is what explains the agreement between the two calculations of the v 4 terms in the 
1-loop effective action, even in the absence of supersymmetry in this system. However, the 
agreement of the v 2 and constant (f-independent) terms in the effective action is difficult to 
understand since these terms manifestly represent the supersymmetry breaking interactions 
between DO- and D6-brane . Recently, a 2-loop calculation for a D6-brane probe using the 
effective superYang-Mills action of Chepelev and Tsyetlin ]16| has also been reported |I7| to 



be in agreement with the corresponding supergravity calculation at 2-loop . These results 
are surprising not only because the configuration is non-supersymmetric but also because 
one does not expect the bulk to decouple from the 6-brane. It is, therefore, of interest to ask 
whether the agreement at 2-loop level persists in a direct matrix theory calculation. 

In this paper we present a direct calculation in the matrix theory framework of the 
2-loop effective action of a DO-brane probe in the background of the D0-D6 bound state 
configuration. We find uncanceled divergences in the matrix theory calculation. These 
divergences seem to be related to the ultraviolet divergences one might expect in a (6 + 1)- 
dimensional field theory. This result, which is expected |18, BJ, makes the agreement found 

17| all the more intriguing. 



in 



The present work draws heavily on || and should be regarded as a sequel to that work. 
We will follow the conventions and notations of this reference. We also refer the reader 
to this work for all the background material which we will need here. The organization of 
this paper is as follows. In the next section we first briefly discuss the D0-D6 configuration 
given in [0] and then give the terms in the matrix theory action, expanded around this 
configuration, which are relevant to the 2-loop calculation. In section 3 we give the various 
2-point functions needed for the calculation. The calculation of the 2-loop effective action 
is presented in section 4. In section 5 we discuss the origin of the uncanceled divergences in 
the 2-loop effective action. We end with some concluding remarks in section 6. Expressions 
for the various terms in the 2-loop effective action are collected together in the Appendix. 



2 The Matrix Theory Action 



In this section we will expand the matrix theory action around the D0-D6 background 
configuration discussed in section 5 of [pi, and briefly reviewed below, and obtain the terms 
relevant for a 2-loop calculation. The matrix theory action is 

S = ^JdtTil [ (D t X t ) 2 + ^[X l ,X J } 2 -(D t A) 2 + e T D t e 



2g 

+i6 T Y[X l , 9} + Idt&DtC - 2\C\ B t ] [Xt, C] 

The notations and conventions are the same as in ||. 



(2.1) 



Background Configuration 

The D0-D6 background configuration consists of multiple D6-branes with the DO-branes 
appearing on them as magnetic fluxes. We present this configuration below: 



B 



4,6,8 



Ql,2,3 



o 







i -^5,7,9 



-Pi, 2,3 











Here, the entry in the lower right corner is a single-element one. This entry is reserved for 
the probe DO-brane . For a single D6-brane, [Q a , P a ] = ic a , a = 1,2, 3. For multiple parallel 
D6-branes, the Q a 's and the P a 's have a further structure: 



Qa 



Qi 1} 



Qa 2) 



8 ) 



Pa 



p(l) 



p(2) 



p(Qe) 



where [Q£ , P„ ] = ?c 4 > e ^ c - The D6-branes are wrapped on T 6 with volume Vq which is 
assumed to be large since we will be neglecting the effect of winding modes. 

The Qq D6-branes are organized into four sets, each consisting of n D6-branes , where 
An = Qq. Each D6-brane in the first set carries magnetic fluxes (F 45 , F 67 , F 89 ) = (/,/,/). 
The D6-branes in the other three sets carry the magnetic fluxes (/,—/,—/), ( — /, — /, /) 
and (— /, /, — /). Here / is the parameter which is related to the ratio of the DO-brane to 
D6-brane charge in the bound state 0. In view of the above, a more suitable notation 
for the Q a 's and P a 's is Q l a a , P a to , where £ = 1, 2,3,4 and a = 1,2, • • -,n and [Q l a a , P 6 m/3 ] 
= ibab& a ^& im c a iOL . For the desired configuration we need c a la = c$ to be independent of a. 
Moreover, the four triplets of numbers {cf\ = (cj, cj, cf) = q correspond to the four triplets 
of fluxes listed above and so we may write 

q = cq, ei = (1,1,1), e 2 = (1,-1,-1), e 3 = (-1,-1,1), e 4 = (-1,1,-1). (2.2) 
Agreement with supergravity at 1-loop requires c = f^ 1 —> 0. 



A DO-brane scattering off this background in a direction transverse to the D6-branes is 
represented by the additional background fields 



B 1 







vt 



Bo 







B, = 0. 



The only nonzero entry in the above matrices is in the lower right corner. Here v is the 
velocity of the DO-brane, assumed to be moving along the x 1 direction, and b is the impact 
parameter. 

Fluctuations 

There are basically two different types of fluctuations that we need to consider. The 
first type are the ones with nonzero entries only in the last row or column of the various 
matrix variables. These represent open strings connecting the probe DO-brane to the branes 
in the background. These type of fluctuations are the only ones that contribute at the 1-loop 
level. We shall call them "column type" fluctuations. The other type of fluctuations have 
nonzero entries everywhere other than the last row and the last column. These "matrix 
type" fluctuations represent open strings connecting the various branes in the background. 
They do not contribute to the 1-loop effective action, but do contribute at 2-loop level and 
beyond. We have done the 2-loop computation in the limit of a large number of D6-brane 
in the background configuration, i.e. for large values of Qq. The fluctuation in the bottom 
right corner entry in the various matrix variables can be ignored for the leading contribution 
in this limit. This is what we have done in the following. 

Writing X t = Bi + yfgYi, we have 



Y 



tf 



Similarly, 



A = Jg 



A 







= V9 



xl 



Xe 







, C=J-g 







Note that because C is not hermition, Xc ^ X*- Also, in the notation that we have used 
for the background, the fluctuations have the index structure £ . Q , x .", Z_ ,m ^. Finally, it is 
useful to parameterize the background as 



Bi 








di 



Action for Fluctuations 

The action (2.1) may now be expanded around the background -Bj. It is convenient to 
write the result as follows: 

S = Ssgd + 5*2 + Slat. (2.3) 

Here S2 is the part of the action quadratic in fluctuations and 5i n t is the part containing 
interactions. Furthermore, it is convenient to write 

S 2 = S* +A + S e 2 + S%. (2.4) 



We find, 



S* +A = jdrl [ ^Tr(z 2 -[V i ,Z j ] 2 -2[V i ,V j }[Z i ,Z 
+ Ufa + tfplh + 20tp>i, Vjfo 
+ ±Tr(z 2 A -[D h Z A } 2 )+<j> A <j> A 

+ <P\V 2 <P A + 2id\ (0j0 A - <t> A <j> t ) J (2.5) 

S 6 2 = jdr j^Tr (zJZg - Zjf\V u Z 6 \) + i X \xe - ixWv iX e}, (2.6) 

S% = Jdr JTr (Z\Z C - [V, t , Z\\ [V t Z c ]) + ^ c + <\>\V 2 <\> C + $% + fe 2 c }. (2.7) 

In writing the above, we have already made a Wick rotation to Euclidean time, t — > ir, 
A — > — iA and vt — > vet. 1 Also, a dot represents derivative with respect r, and we have 
used the notation 

Vi = Di- d, t l (2.8) 

Similarly to the quadratic piece, it is convenient to write the interaction piece of the 
action for fluctuations as 

Siat — S Int + S Int + o Int . (2.9) 



We find 



S*« A = Vgjdr^ (fiDiZrfj + tfpiZrfj - 2$D i Z i & + h.c. 
+ {^)\ViZ A (t>A + 4> A T>iZi(j) A - l^jPiZ^i + h.c. 
+ (i(f)lZi<j) A + i4>\Z A fa + 2i4>\Zi(j) A + h.c. 

+g J dr {(ftZiZjh + 4>)zUi ~ WlZjZ 



HY3 



■"■Here ve = iv is the Euclidean velocity, to be taken real during the course of this calculation. For 
convenience of notation, we will drop the subscript ^E'' in the following. 



- {<t>\faf + \(<f>W + \{4>\fa){4>]fa) 
+ <j>\z\fa + ^z^a - (^ A fa) 2 - (<PUa) 2 



+ (AfaMfa) + (A&X&W)}, (2.10) 

s Lt = V9 J dr \-ixW z iXe+ixW Ze(f)i+i4>\Zel l Xe-x\Ze(l)A-4> ] AZeXe + x\ZAXe\, (2.11) 

$L = Vdjdr ^[V t , z\]fa + 4[v h z\]fa - ftzpifc + <P\Z C V4* C 
+ (friViZi^ - fa c ViZ c fa -iifa Z\(f) A + 4> T c Z c (j) A + fa A Z\$ c 
+ $ A Z\fa + %Z A £ + 4>\Z A fa - cf) A z£ - ^Z^a)}. (2.12) 



In the above, 'h.c.' stands, as usual, for hermitian conjugate. Also, we have dropped all 
terms that either do not contribute to the 2-loop effective action of the probe DO-brane in 
the leading large Q$ limit or contribute terms that do not depend on the impact parameter 
b and the velocity v of the probe. 

Note that in the notation we have used for the background, a term like, for example, 

which the harmonic oscillator variables Q a a , Pf "operate. 



TrZf reads X^ m =i Eafcifrf^" Z™ a ). The remaining trace 'tr' is over the space in 



3 Two-Point Functions 

There are two different kinds of 2-point functions corresponding to the two different kinds 
of fluctuations, namely "column type" fluctuations fa, 4>a, Xe, <fic and C and "matrix type" 
fluctuations Zi, Z A , Zg and Z c . One minor complication in both the sectors is that there 
is mixing at the quadratic level, so the propagators cannot be immediately read-off from 
the quadratic action, S2, and a rediagonalization is needed. Furthermore, to obtain explicit 
expressions for the 2-point functions, it is necessary to use an explicit representation for 
the Heisenberg algebra, [Q £ a a , P™] = icS £m S a ^e'}. In the limit c — > 0, we may use the 
representation in terms of functions of 3 real variables, one for each of the three values 
of the index 'a'. We will denote these three real variables by the triplet x = (xi,x 2 ,x 3 ). 
Note that in terms of there variables the explicit form for a term like, for example, TrZf is 
X^ m =i Eafci/ d 3 x J d 3 y \Z t a (x, y, t)\ 2 . We will now list below all the nonzero 2-point 
functions. It is convenient to use the proper time representation and this is what we do 
below. 

Column Type Fluctuations 

Let us first consider the "column type" fluctuations, fa, <pA, etc. Introducing the notation 

(0f (x , r) $? V , r')> = 5 im S^A^(x, r; x', r'), (3.1) 



where J, Je(i, A, c, c, #)Q, we have 



a to ._ A to 



a to __ _ a to 



ds cosh 2vs K s (x, r; x'r'), 



A™ = Aoo = A la = A-- 

22 33 cc cc 



Ja 



A to _ _ A to 
^45 — ^54 



Am A ta 

^67 — ^76 



/■oo 

i / (is sinh. 2v s K s (x,r; x'r'), 
Jo 

/■oo 

/ (is K s (x, r; x'r'), 
Jo 

/•oo 

/ ds cosh2cs KJx, r; x', r'), (z = 4, 5, • ■ ■ , 9) 

JO 

(•OO 

— ie^ / (is sinh2cs K s (x, r; af, r'), 
Jo 



ze» / ds sinh2cs KJx, r; x' r 



A 



89 



-A to 



sy-^i ';•")' /) 



-ie« / (is sinh 2cs K s (x, t; x', r'), 

JO 



(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 



A% = i(d T + j j V%) ds exp -s^ 1 + ca • ?,) K s (x, r; x' , r'). 



In the above 

KJx,t;x',t 



'I ,_a 



— (v/c 3 sinh 3 2cs sinh 2t>s) 1/2 e" sfo2 



4tt 



exp 



— Ut + t') 2 tanh t> s + (r — r') 2 coth t>s > 



4r: 
Also, we have used the following notation in (3.9): 



— — I (x + x') 2 tanh cs + ( x — x') 2 coth cs\ 



V? x = -vr, Vg = -b, 2^ = 0, 

(Pt,^,^)=(x 1 ,X 2 ,X 3 ), 



■.to 

9;r 



^C | 6(7 — , £« — , 6« 



and 



(9xi ' 9X2 ' 9X2, 

a = (a 1 ,(x 2 ,a 3 ) = (^ 4 7 5 ,n 6 7 7 ^7 8 7 9 ). 



(3.9) 



(3.10) 



(3.11) 
(3.12) 



J Here the subscript c refers to 



Matrix Type Fluctuations 

We now consider the matrix type fluctuations, Z^ Z&, etc. We introduce a notation 
similar to (3.1), 

(Z? '"*(* , y, r) 2?/ ' m '^(x' , jf, r')> ee 6" S™' S°* #>? Aft^tf , y, r; £', jf, r'), (3.13) 

where J, Je(i, A, c, 0). A complication here is that the cases (i) £ — m and (ii) £ 7^ m need 
to be considered separately since the 2-point functions are different in the two cases. This is 
because there is mixing at the quadratic level in case (ii). The 2-point functions, however, 
depend only on the combination {e" m } = {e"e^} and therefore only four independent cases 
need to be considered, instead of a possible sixteen. We now list all the nonvanishing 2-point 
functions in their proper time representation. 
(i) £ = m 



ta,0 



A 



£a,e/3 



AA ~ lv cc ~ 

1 r°° ds 



ea,e/3 



1Qtt 2 c 3 



s z 



■ cxp 



-s(x-y) - 



{x-x') 2 (r-r f ) 



/\2 



4c 2 .' 



As 



(3.14) 



6^{{x-x')-{y-$)). 
(3.15) 



(ii) l^m 



A^(i = 1, 2, 3) = AST" = K a c mP = / ds GY^(x, y, r; x' , jf, r'), (3.16) 



A 



11 



,mf3 a fo,ra/3 



A 



o5 



ds cosh 



f^m' 



2cs(l-e]J GY^(x,y,T;x > ,y > y), (3.17) 



A£'"* = -Ag'"" = -ieW cfesinh 2c S (l-eL) d^ } (£,y,r; *',/, r'), (3.18) 



A£a,mf3 a Pa,m/3 
66 — A 77 



Ato,m/3 \la,mf3 

1\ 67 — 1\ 76 



ds cosh 



^ e lml 



2cs(l-eL) G\ lm \S,y,r^,yfy), (3.19) 



/r; / (is sinh 
/o 



2cs(l - eL)l G^™ } (f , V, r; x', y 1 , r'), (3.20) 



A* 



:,m/3 « £a,mfS 



A 



99 



ds cosh 



2cs(l - efjl G^ m} (£, y, r; £', jf, r'), (3.21) 



a la,mfS 1 to,m/3 

A 89 _ A 98 



ie» / ds sinh 



2c S (l-eL)ld e? '" } (f,f,r;f',^,r / ), (3.22) 



A%' mP = *{d T + 1 3 (V% - VYf*)}J o ds exp [-csft - ? m ) • a] G^\x , y, r; £', y", r'). 

(3.23) 
Note that for the choice of q's given in (2.2), {e" m }, £^171, always has one +ve and two -ve 
signs. For {e" m } = (+, — , — ) we have 



G (+,-,-) 



(47r 2 c 2 s sinh4cs) x exp 



-3(xi -y\, 



(xi - x[) 2 ( 



T — T 



Ac 2 s 



4s 



xexp - — {((^2 + 3:2) - (y2 + y' 2 )) 2 + ((a* + 4) - (2/ 3 + t/3)) 2 }tanh2cs 

-g- {((a: 2 - 4) - (1/2 - y 2 )) 2 + ((a* - 4) ~ (2/3 - l/a)) 2 } coth2cs 

x<J ((xi - xi) - (yi - y[)) 5 ((x 2 - x 2 ) + (y 2 - y' 2 )) S ((x 3 - x' 3 ) + (y 3 - 2/3)) • 

(3.24) 

G^~' + ~^ is obtained from the above by the substitutions X\ <-> X2, 2/1 <-> 2/2 and x' x <-> x' 2 , 
Hi <r ^ V'i- Similarly, G+~'~' + ) is obtained by the substitutions X\ <-> x 3 , yi <-> y 3 and x' x <-> x' 3 

y[ <-»■ 2/3- 

Using the 2-point functions listed above and the triple and quartic interaction vertices 
given in (2.10) - (2.12), standard rules of perturbation theory may be used to evaluate the 
2-loop diagrams. 

4 The Two-Loop Effective Action 

There are basically two types of 1PI diagrams that contribute to the effective action at the 
2-loop level. Diagrams of the type shown in Fig. 1 involve two 3-point vertices and diagrams 
of the type shown in Figs. 2 and 3 involve a single 4-point vertex. In these diagrams the 





Fig. 1 



Fig. 2 



Fig. 3 



thin lines represent "column type" propagators and the thick lines represent "matrix type" 
propagators. Diagrams of type Figs. 2 and 3 are easier to evaluate and so we compute these 
first. 

Diagrams Involving a 4-Point Vertex 

(i) Diagrams involving a "matrix type" propagator, Fig. 2, come from terms of order g in 



9 



S^~ , (2.10), containing two Z's. There are five such terms. Their contribution is 



Fz = 9 J2 J2 J dr Jd 3 x Jd 3 y Jd 3 



l,m=l a,P=l 



la a la,m.p 



2A ta A 



la A £a,m/3 



+ A ta K° 



la \ (a, m f3 \£a\£a,m/S . \la k£a,m/3 



+A M A 



(4-1) 



where Afj 



A^(z, r;f,r) and Afy^ 



A.fj {x, y, t; z, y, r). We have evaluated 
this using the proper time representations for the 2-point functions involved. The result 
is given in the Appendix in (A6). 



(ii) Diagrams involving only "column type" propagators, Fig. 3, come from the rest of the 
order g terms in (2.10). There are seven such terms. Their contribution is 



4 71 

r* = 9 E E j dr Jd 3 x Jd 3 



e,m=l a,/3=l 



\la\mf3 
ij V 



2 u 33 



_i_ A ia A m P Q A Z<* A m ^ _l A £- a \ m l 3 
T-^;,' i±u ~ 3L± 1A L± lA ->r l± AA l± u 



*3 — J* 



(4.2) 



where Af} = Af "(x, r; x, r) and A^f 
and is given in the Appendix in (A7). 



A^f (y, r; y, r). This has also been evaluated 



Diagrams Involving Two 3-Point Vertices 

It is convenient to group these diagrams, Fig. 1, into sets such that each set has only one 
type of matrix propagator joining the two 3-point vertices. Thus, we have diagrams with only 
matrix ghost propagator, etc. We now give below the contributions of the different sets. Note 
that to arrive at the expressions listed below we have made extensive use of the symmetry 
properties of the various 2-point functions with respect to their arguments as well as their 
indices. Also, throughout the following Af} = Af j(x',r'; x, r), A^f = A™f (y, r; y", r') and 
x,y,T]x',y',T l ). 



Ala,mfj kla,mfi/-f -» ->/ -/ _/ 



l /J 



V /J 



(i) Diagrams with a matrix ghost propagator give the following contribution to the effective 
action. 

4 n 

T c = -g J2 E I dr f d 3 x f d 3 y f dr' f d 3 x' f d 3 g 

e,m=l a, /3=1 J J J J J J 

2 (dr*£X& - ivrA^ATl) d r ,k^ 



(4.3) 



{a£"* (Vfe - X>™/*) VT/A^A^ + c.c.} 



The corresponding proper time expression is given in (A8) of the Appendix. Note that 
'c.c' stands for complex conjugate, as usual. 
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(ii) Diagrams with a matrix fermion propagator give the contribution 



~rl tTdirac 



"dime ( ^99-^-99 ) A 



in 3 
AA 



to 1 



A^, 7 



A" 



£a,mf3\ a m/3 



^1A + "dirac 17 ^99 1 y V 



fc/vto i/\to,m,3\ Am/3 



A 



i A- 



(4.4) 



In the above, we have used an obvious short-hand notation for the various sums and 
integrals which are identical to those in (4.3). We will use this notation in the following 
also. The Dirac trace in the last term is rather tedious to evaluate, but finally one gets 
a moderately simple expression for Fg in the proper time representation. This is given 
in the Appendix in (A9). 

(iii) Diagrams with a matrix gauge propagator give the contribution 

Ta = Tia + F 2 a + F 3 a, 
where 



1.4 



-*E- 



too \ml3 



- d T ,A%d T A™ p + A^d T d T ,A% 



mti 



-2ivTd T ,A e ? A A?g + 2ivTA^ A d T ,A™l 



j t' l ^aA l ^IA 



-v\r'A[\A^ A + drb&d* A™/ 



^2A 

^3A 






A 



to,m/3 



AA ) 



(4.5) 



A^T" MT - K P ) (2« - VT ) A^A™ , (4.6) 



Ato,m/3 , / Ato A 

IV AA t/l dirac I *-»<>/)*-* 



to Am/3^ 



(4.7) 



These contributions to the 2-loop effective action have been evaluated and are listed 
in (A10)-(A12) in the Appendix. 

(iv) Finally, diagrams with a matrix bosonic propagator give the contribution 



where 



Fix 

^2X 
^3X 



-2*E 

-^E 



a 



E r <?^' 

9=1 



l*' dirac 1^00 7 ^60 7 J -< v ij j 



t^VfeVg t&bg + c.c. 



•••A 



to,m/3 



K Q * + ©^) fef + ^ ) x 



.72/ 



j x' 



(AgAjf + A&A^ - 2Af A A 



m/3\ 
1A J ) 



(4.8) 
(4.9) 

(4.10) 
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T 4 x = -g E •••/•• • A S*"" ( 2 * - V t') { 2V %* - V ?v) A £ A /5?> ( 4 - n ) 

r 5X = -^ E •••/•• • { A ?' m " ( 22 ^' - ^ *) ( 2P /t - p /"*) 

AgASf + cc.}, (4.12) 

r 6 x = <? E •••/•• • { A £'"* (^ + p #*) ( 2P /** " p ?) 

A£Ajf + c.c.}, (4.13) 

T 7 x = -^E--7--- A ?^{- 4 ^ A iA^A^-^r^A^A^ 

+ 4A V^A[f + 4a r A^a r ,A,^ + d T d T ,A e « A Af\, (4.14) 



r 8 x = -</j:.../...Aa^{iw OT A^a r ,A2f + 8iT«-a T .A^ASf 

- 5d T ,A{ a A d T A?P + Av 2 rr' A^A^f - Ad T d T/ A[ A A^\. (4.15) 



Expressions for these contributions in the proper time representation are given in 
(A13)-(A20) in the Appendix. 

The total 2-loop effective action, I^-ioop; is given by the sum of the contributions in 

(4.1)-(4.15). 

5 Ultraviolet Divergences in the 2-loop Action 

At low velocities and for small values of the parameter c, on general dimensional grounds we 
expect the 2-loop effective action to be a double series of the following form: 

£ / b 11 v 5 \ 

IVioop = — I oi h a 2 b 7 v + a 3 b 3 v 3 + (fi-H J 

^ M 7 ,3 , v3 \ 

H — t a 4 h a 5 b v + d 2 — H 

c 4 \ v b J 

+dS + --- (5.1) 

bv 

Here the quantities ai, • • • , a^ and d\,- ■ ■ ,d^ are pure numbers and £ is defined in the Ap- 
pendix in (Al). The structure of (5.1) follows from the observation that, as defined in (2.1), 
the parameter g has dimensions of [length] -3 . Moreover, b 2 ,v and c all have the dimensions 
of [length] -2 and the leading term in the 2-loop calculation goes as 1/vc 6 . 
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The terms in (5.1) with coefficients a 1; • • • , a 6 all have positive powers of b with them. 
On physical grounds all these coefficients should vanish since they would otherwise give rise 
to a potential that diverges at large distances. The terms with coefficients di, ■ ■ ■ , d± all give 
rise to a potential that goes as p~ 2 , where p 2 = b 2 + v 2 r 2 . This is precisely the structure of 
the leading terms, in the limit c = f^ 1 — > 0, of the 2-loop effective potential calculated using 
the DBI action, given in (6.11) of |J. For agreement with matrix theory, the coefficients of 
these terms must match between these two calculations. 

We have calculated the various terms in (5.1) using the results presented in the Ap- 
pendix.]] We find that while indeed a,\ = 0, all the other coefficients have uncanceled diver- 
gences. For example, for the term proportional to £,v/c 6 , we get 



J" d Sl J" ds 2 e -6 a Ci+«.) J i 

r°° , e~ b2si r°° ds 3 
-2 / d Sl — g- 
Jo s{ Jo 



si + s 2 f' 2 16 (si + s 2 ) 



-1/2 



7/2 7/2 c 5/2 5/2 

Si S 2 D Si s 2 



7/2 
s 3 



(5.2) 



Similar ill-defined expressions are obtained for all the other terms. Since the general structure 
of all the terms is similar to (5.2), let us see in some detail where the two type of terms in 
(5.2) originate. 

Consider the second term in (5.2) first. The structure of this term suggests that it 
originates from Tz, (A6). There is actually another contribution to this term which comes 
from those terms in the sum of (4.3)-(4.15) which are proportional to b 2 . To see this, let us 
write the total effective action at 2-loops as 

r 2 -ioo P = U dsj ds 2 ds 3 e- b ^ + ^W(s u s 2 ,s 3 ) 
Jo Jo Jo 

poo roo 9 

+£ dsj ds 2 e- bis ^X{ Sl ,s 2 ) 
Jo Jo 

+£ [°° ds x r ds 3 e- b2 ^Y(s u s 3 ), (5.3) 

jo Jo 

W, X and Y can be read-off from the results given in the Appendix. Let us now explicitly 
separate out the b 2 piece in W: 

W(si, s 2 , s 3 ) = u(si, s 2 , s 3 ) + b 2 U(si, s 2 , s 3 ). (5.4) 

The b 2 terms come only from diagrams like Fig. 1 containing a matrix gauge or bosonic 
propagator. So the quantity U(si, s 2 , s 3 ) can be read-off from the sum of (4.5)-(4.15). An 
explicit expression for it is given in the Appendix in (A21). Now, using the identity 

6 2 e -fe2 (si+S2 ) = _1^ + ^^ e _ 6 2 (si+S2)) 



3 Extensive use of Mathematica was made in these calculations. 
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we may rewrite this piece as follows: 

^oo poo roo 9 

/ dsj dsj ds 3 b 2 e~ b ^ +s ^U( Sl ,s 2 ,s 3 ) 
Jo Jo Jo 

1 roo roo roo „ 

= -/ dsj dsj ds 3 e- b ^ + ^(d Sl +d S2 )U( Sl ,s 2 ,s 3 ) 

2 Jo Jo Jo 

+- / d Sl / ds 3 e' b Sl [U( Sl , 0, s 3 ) + W(0, Sl , s 3 )] . (5.5) 

Thus, we have 

roo roo roo „ _ 

r 2 -ioo P = £/ dsi/ rfs 2 / ds 3 e- b ^ + ^W( Sl ,s 2 ,s 3 ) 
Jo Jo Jo 

+£ l°° d Sl r ds 2 e- fe2(si+S2) X( Sl ,s 2 ) 

JO ^0 

roo roo 2 

+M dsi/ rf S3 e- 6si r( Sl , S2 ), (5.6) 

jo jo 

W^(si, 82, s 3 ) = w(si, s 2 , s 3 ) + -(<9 S1 + d S2 )U(s 1 , s 2 , s 3 ), (5.7) 

y ( Sl , s 3 ) = y( Sl , s 3 ) + \ [W(si, 0, s 3 ) + W(0, si, s 3 )] . (5.8) 



where 



and 



Using (A6) and (A21) we find that 

^( s ii s 3) — T7\ c3s 3 sinh 3 csi sinhf sij I 12 + 13cosh2fSi + 39cosh2csi 

— 64cosht>s 1 cosh 3 csi ) H — (cs 3 sinh 3 csi sinh t^ sinh 2 2cs 3 ) x 

(6 + 8cosh2t> Si + 18cosh2csi — 32coshvsi cosh 3 csA (1 + cosh4cs 3 ) 

+2(5 — 8 cosh vsi cosh csi) sinh 2cs\ sinh 4cs 3 — 3 cosh 2t> s\ + 3 cosh 2csi 

(5.9) 

Expanding in powers of 1/c, to leading order we get 

Y( Sl ,s 3 ) = (4c 6 s 3 S3 72 sinhvs 1 )- 1 (51 + 13cosh2t;si-64cosht;s 1 ) + 0(l/c 4 ). (5.10) 

Now, further expanding this in powers of v, we see that the order v~ l term vanishes, but 
all the higher powers of v have nonvanishing coefficients. In particular, the order v /c 6 term 
exactly reproduces the second term in (5.2). 

The trick employed in (5.5) has a diagramatic representation. In terms of diagrams like 
Fig. 1, the second term in (5.5) results from shrinking one of the "column type" propagators 
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to a point (large b 2 or small s expansion). Doing this to Fig. 1 produces diagrams of the 
type shown in Fig. 2, and hence there is mixing of these two types of contributions, as we 
have seen above. 

The divergence in the second term in (5.2) comes from small values of the proper time 
variable, and this suggest that they are ultraviolet in nature. This can be seen more directly 
as follows. We have seen that this divergence has basically to do with diagrams of type Fig. 
2. A typical contribution of such a diagram is 



dr / d 3 x / d 3 y / d 3 z A(z, r; x, t)A(x, y, r; z, y, r). 



(5.11) 



In writing (5.11) we have ignored the various indices since they are not relevant to the present 
discussion. Now, introducing the momentum space representation for the matrix propagator, 



A(x,y,T;x',y',T')= J — —J — e V 2 2 7 A(w, k,x-y)6® ((x - y) 

where 

A(u, k, x ) = to 2 + k 2 + x 2 , 

which can be obtained from (3.15), we may rewrite (5.11) as 



— / d 3 x / d 3 y I dr A(u, k, x — y) A(x, r; x, r) 



-(af-y 1 )) 



(2tt) 3 7 2vr 
d 3 k f duj 



— / d 6 yA(tv,k,y) 



dr / d 3 x A(x, r; x, t) 



(2tt) 3 7 2tt 



The first factor looks like a massless bosonic loop in 7-dimensional space-time, which is 
ultraviolet divergent. The divergence in the second factor can also be seen to be coming 
from the high frequency oscillators in the energy representation of this integral. 

In a similar fashion one can see that the divergences in the first term in (5.2) are ultraviolet 
in nature. This term receives contributions from diagrams of the type shown in Fig. 1 as well 
as those in Fig. 3. The general structure of the contribution of the former type of diagrams, 
after integrating over the proper time variable S3 associated with the matrix propagators, 
is exactly like those of the latter type of diagrams. In fact, integrating over S3 effectively 
shrinks the matrix propagator in Fig. 1, thus producing the diagram in Fig. 3. A typical 
contribution of these latter type of diagrams is 



I dT \I 



d xA(x,t: x.t) 



j d 3 yA(y,T;y,r) 



It is clear from this expression that high frequency fluctuations produce the divergences seen 
in the first term in (5.2). 

We have discussed above in detail the origin and the structure of the divergences in the 
coefficient a 2 . Similar general discussion applies to the coefficients 03, • • • , a^ and one finds 
that these coefficients are also ultraviolet divergent. Somewhat more work is required for 
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the coefficients d\, ■ ■ ■ , d±. This is because in a naive double expansion in powers of 1/c and 
v, the integrals over the proper time variable S3 in the different contributions to the 2-loop 
effective action diverge at the large S3 end. This happens essentially because the matrix 
propagators are "massless", i.e. there is no factor of e~ b Ss in the integrand. The correct 
procedure is to first integrate over S3 and then perform the double expansion. Once this is 
done, one finds that the coefficients d±, ■ ■ ■ , d& are also ultraviolet divergent. 

6 Concluding Remarks 

In this paper we have presented the results of a calculation of the 2-loop effective action for 
a DO-brane in the background of the recently discussed D0-D6 bound state configuration. 
As we have seen, the 2-loop effective action has uncanceled ultraviolet divergences. Similar 
ultraviolet divergences are potentially present in the calculation of the 1-loop effective action 
also. However, in that calculation, done in the proper time representation like the present 
calculation, the divergent parts precisely cancel in the sum of contributions from different 
sectors (boson, fermion, gauge and ghost), leaving behind a finite answer for the 1-loop 
effective action. In general, one expects matrix theory loop calculations to be divergent for 
the present background because of nonrenormalizability of 7-dimensional gauge theory. The 
ultraviolet divergent 2-loop result that we have got is consistent with this expectation. Since 
a full string theory calculation is expected to be ultraviolet finite, this means that massive 
open string states do not decouple from the 6-brane, as expected from general considerations 
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One of our motivations for the present calculation was the surprising supergravity/superYang 
Mills agreement at 2-loop found in [|HJ . In view of our result and the above considerations, 
it now seems even more surprising that a simple 2-loop effective superYang-Mills action 
should reproduce the supergravity result. Presumably the effective superYang-Mills action 
can be obtained from a full string theory calculation. It would be nice to have a better 
understanding of this. 
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APPENDIX 



In this appendix we list the contributions of various diagrams in the proper time repre- 
sentation. For this purpose it is useful to define 



gQl 



64^ 
sinhfS! sinht>s 2 



£, 



v sinhf (si + s 2 
sinh cs\ sinh cs 2 



h V) (s 3 + h v ) x = A\, 



csinhcfsi + s 2 ) 



A',. 



7 / 7 \-i 7 /tanh2cs 3 

«c, («3 + M = «c, I 5 h c 



" : c- 



e 



sinh v(si + s 2 ) c 3 sinh c(si + s 2 



fei 



k c k c 



. =n(si,s 2 ,s 3 ). 



sinh u(si + s 2 ) c 3 sinh c(«i + s 2 ) cosh 2cs 3 
We now list the various contributions. 



(Al) 

(A2) 
(A3) 
(A4) 

(A5) 



9 



, ' 00 ds 3 



-Sift 2 



rOO /■( 

Jo jo s^/ 2 c 3 sinh cs 1 sinh t>si 

3 /-oo _ /-co d S3 e 



(2 cosh 2 wsi + 3 cosh 2cs\) 



X roo re 

+t£ / d«i / 

4 Jo jo 



—sit 



sl /2 sinh 2 2cs 3 c sinh 3 csi sinh vsi 



4 cosh 2 vsAl + 8 cosh 2 2cs 3 ) 



-2cosh2csi(7 + 20 cosh 2cs 3 ) + 12 sinh 2cs\ sinh 4csj 



(A6) 



We have used 4n = Q$ in arriving at this expression. Also, here and in the following the 
first term comes from the £ = m case and the second term from £ 7^ m. 

\ roo roo „ x 

T^ = — £/ dsi / ds 2 e~ ^ Sl+S2 '(v/ sinh i>si_ sinh t>s 2 sinht>(si + s 2 )) 2 (sinhcsi sinhcs 2 )~ 
16 Jo jo 

"1 1 3 

x — h 2 cosh 2i>Si + 6 cosh 2cs\ -\ — cosh 2vs\ cosh 2v s 2 H — sinh 2t> si sinh 2vs 2 

15 9 

+6 cosh 2cs\ cosh 2t>s 2 H cosh 2csi cosh 2cs 2 H — sinh 2csx sinh 2cs 2 + si ^^ s 2 

H £ / ^ s i / ds 2 e~ b ^ Sl+S2 '(v/ sinh vsi sinh i>s 2 sinh v(s\ + s 2 )) 2 (sinh csi sinh cs 2 ) 

16 Jo jo 



x 



1 13 

— h 2 cosh 2t> Si + 6 cosh 2csi H — cosh 2vs-i cosh 2t>s 2 H — sinh 2vs-i sinh 2t> s 2 

2 i 2 2 



15 3 

+6 cosh 2cs\ cosh 2t> s 2 + — cosh 2csi cosh 2cs 2 — - sinh 2cs\ sinh 2cs 2 + s\ <-> s 2 



.(,47) 
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In the above, as well as in the following, '«! <->■ s 2 ' stands for the entire preceeding expression 
rewritten with this substitution. 



I /"OO /"OO /*oo 9 

T c = ^ ds i ds 2 ds 3 e- b ^ + ^Q( Sl ,s 2 ,s 3 ) 
62 Jo Jo Jo 

coshc(si + 2s 2 ) , 

+bch c k c h Si <-> s 2 

smh csi 

Q /-oo /-oo /-oo 

+ ^W ^1/ ^2/ ds 3 e- b ^ + ^Q( Sl ,s 2 ,s 3 ) 
62 Jo Jo Jo 

coshcfsi + 2s 2 ) 



vh v k v (smh.2vsi + cothfS! cosh2vs 2 



vh v k v (sinh.2vsi + coth t>si cosh 2-ys 2 ) 



+2ch c k. 



+ Ach c k c [ coshc(si — 2s 2 ) 



sinh csi 
sinh c(si — 2s 2 ) tanh 2cs 3 ) / sinh cs\ + si <-> s 2 



(A* 



r e = -C f°dsi f°ds 2 f°ds 3 e- 62 ( sl+S2 ^( Sl , S2 ,s 3 ) 
jo Jo Jo 



3ch c k c coth cs\ cosh csi (cosh t> s\ 



1 'U COsh C5i 

+ cosht>(si + 2s 2 )) H — /ij,/^ (coshcsi + 3 coshcfsi + 2s 2 )) 

2 smhfSi 



+6ch c k c coth csi cosh c(si + 2s 2 ) coshfS! + s\ <-> s 2 
-3£ f°d Sl f°ds 2 f°ds 3 e- 62 ( Sl+S2 ^( Sl ,s 2 ,S3 

JO JO JO 

~ coth cs 1 cosh c(si + 2s 3 ) 



Cil r K, 



cosh c(si + 2s 3 



sinh csi 



~\~ ZiCn c.'v c 



-h h - v 



cosh 2cs 3 



(coshf si + cosht>(si + 2s 2 )) 



cosh cs\ cosh 2 c(si + 2s 3 ) + cosh c{s\ + 2s 2 ) cosh 2 c(si + 2s 3 



2 sinhfSi 
+2 cosh cs\ cosh c(si + 2s 3 ) cosh c(si — 2s 2 — 2s 3 



( c ~ c 

+2cosht>s 1 < h c k c — coshcfsi + 2s 3 ) coshcfsi — 2s 2 — 2s 3 ) + h c k c — 

I smh csi smh cs\ cosh 2cs 3 

x (cosh c(si + 2s 2 ) cosh c{s\ + 2s 3 ) + cosh csi cosh c(si — 2s 2 — 2s 3 )) > + si <-> s 2 

(A9) 



/•oo /-co rco „ 

r 1A = --£/ dsi/ ds 2 / rfs 3 e^ (si+S2) fi(si,s 2 , 
lb Jo Jo Jo 



s 3 J 



X 



(2 + cosh2t>si cosh2t>s 2 + bcosh2c(s! + s 2 )) coshf (si — s 2 ) + 



sinht>(si + s 2 ) 

/c„sinh 2 f (si — s 2 ) 



Av sinh v(si + s 2 ) 



x 



v coshf (si — s 2 ) 1 

— ; — (1 + sinh 2f Si sinh2t>s 2 ) H — fc„ sinh2t>si sinh2t>s 2 

2sinhw(s 1 + s 2 ) v ' 2 

^ 1 2 2 \ 1 ^ ; N sinh 2v(si - s 2 ) sinh ^( gl - s 2 ) 

4smh vlsi + s 2 ) I 2 



X /-oo rco roo „ _ 

W rf Sl / rf S2 / rf S3 e- fe ^ +S2 )fi( Sl , S2 , S3 ) 
lb Jo Jo Jo 

(2 + cosh 2vs 1 cosh 2t> s 2 + 2 cosh 2c(si + s 2 ) 



sinhf (si + s 2 ) 
sinhf (si + s 2 ) 



x 



+4cosh2c(si — s 2 )) coshi>(si — s 2 ) + 



/c„sinh 2 t> (si — s 2 ) 
4f sinh f (si + s 2 ) 



t> cosht>(si — s 2 ) 1 

— ; — ( 1 + sinh 2vsi sinh 2v s 2 ) H — fc„ smh 2t>si smh 2us 2 x 

2sinhu(3i + 5 2 ) 2 



u2 1 - , 2 /> 2 ) - ,(1 - K vkv f^Msi-s 2 )s^v( Sl -s 2 ) 

4 sinh v(si + s 2 ) / 2 



/•oo /-oo /-oo „ 

r 2 A = --U dsi ds 2 ds 3 e- b ^+^n( Sl ,s 2 , 

lb Jo Jo Jo 



S3j 



sinhf (si + s 2 ) 

— cosh 2f Si 
.2 



+ - cosh 2t>si cosh 2t>s 2 — - — -, + vh 2 k v -\ — k c cosh 2vsA - cosh 2cs 2 

4 ysmhf (si + s 2 ) J 2 12 

+cs 3 cothc(si + s 2 ) + 3c/i c sinh 2cs 2 — — ; : f cosh2cs 2 J- + Si <-> s 2 



2 sinh c(si + s 2 

Q /-oo /-oo /-oo „ 

—U dsj ds 2 ds 3 e- b ^^Q( Sl ,s 2 ,s 3 ) 
lb Jo Jo Jo 

/coshf (si — s 2 ^ 



6 2 , 

— cosh 2t> si 

2 



+ - cosh 2vsi cosh 2t>s 2 , 
4 ysinhf (si + s 2 



vh v k v ) + cosh2fSi<{ -/c c cosh2cs 2 



5 



+/c c cosh2cs 2 — I — tanh2cs 3 — Ach c tanh2cs 3 

V 2 2 sinhc(si + s 2 ) j 

1 3 

+ -cs 3 /c c cothc(s! + s 2 ) + (2tanh2cs 3 — 5c/i c )/c c sinh2cs 2 H — c/i c A; c sinh 2 cs 2 



3 sinhc(si — s 2 ) 

4 sinhc(si + s 2 ) 



(/c c + 2k c ) cosh 2cs 2 + 2/c c tanh 2cs 3 sinh 2cs 2 J > + s\ <-> s 2 



(A10) 



(All) 
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1 /*oo P oo roo _ 

T 3A = --U dsj ds 2 ds 3 e~ b ^ + ^Q( Sl ,s 2 ,s 3 ) 

2 Jo Jo Jo 



b 2 coshwfsi — s 2 ) cosh 3 c(si + s 2 ) 



11 fl h' 

cosh 3 c(sx + s 2 ) + 3cs 3 A; c cosh w(si — s 2 ) cosh c(si + s 2 ) c °th c(si + s 2 y 



2sinht> (s\ + s 2 

3 /-oo /-oo 



-5 /"OO /"OO /-oo „ _ 

--£/ dsj ds 2 ds 3 e- b ^ + ^Q( Sl ,s 2 ,s 3 
2 Jo Jo Jo 

1) fl/yKy 



b 2 cosht>(si — s 2 ) coshc(si + s 2 ) x 



cosh c(si — s 2 ) 

cosh 2 c(si — s 2 ) 
sinhc(si + s 2 ) 

I /-OO /-00 



2sinhf (si + s 2 ) 



coshc(si + s 2 ) cosh c(si — s 2 ) + cs 3 A; c cosh v(si — s 2 ) x 



k c tanh 2cs 3 cosh t>(si — s 2 ) cosh c(si — s 2 ) coth c(si + s 2 ) 



(A12) 



/•OO /-OO /-OO 

r lx = --J dsj ds 2 ds 3 e- b ^ + ^n( Sl ,s 2 ,s 3 ) 
2 Jo Jo Jo 



b 2 \ coshf (si — s 2 ) coshcfsi + s 2 ) 



2v 



-6 coshf (si + so) c °sh c(si — s 2 ) > cosh c(si + s 2 ) H , 

- ■ - ' ' smhw(si + s 2 



■I (coshc(si + s 2 ) 



+3coshc(si — s 2 )) cosh c(si + s 2 ) ^^ (coshc(si + s 2 ) + 2coshc(si — s 2 )) x 

cosh 2 c(si + s 2 ) > + 3cs 3 /c c coth c(si + s 2 ) < 4 cosh v(si + s 2 ) cosh c(si — s 2 ) 



- (coshf (si — s 2 ) + 2 cosh f (si + s 2 )) coshc(si + s 2 

3 roo 



"1 Z" 00 f°° f°° 9/ 

--£ / d Sl / rfs 2 / ds 3 e- b <' 1+ «)fi( Sl , 

2 Jo Jo Jo 



S2,S 3 ) 



b < cosht>(si — s 2 ) coshc(si + s 2 ) x 



cosh 2 c(si — s 2 ) + 2 cosh v(s\ + s 2 ) cosh c(si — s 2 ) ( cosh 2 c(si — s 2 ) 



+2 cosh c(si + s 2 ) cosh c(si + s 2 + 4s 3 



sinhf (si + s 2 ) 



4 ( cosh csi cosh cs 2 cosh 2 c(si — s 2 ) 



+ cosh c(sx + s 2 ) cosh c(si — s 2 ) cosh c(si + s 2 + 4s 3 ) J — h v k v I - cosh c(si + s 2 ) x 
cosh 2 c(si — s 2 ) + cosh 3 c(si — s 2 ) + 2 cosh c(si + s 2 ) cosh c(si — s 2 ) cosh c(si + s 2 + 4s 3 ) 

H — r-; — 7^ ri (coshw(si - s 2 ) + 2cosh-y(si + s 2 )) cosh 2 c(si - s 2 ) 

smhc(si + s 2 J I 

+4 cosh v(si + s 2 ) cosh c(si — s 2 ) cosh c(si + s 2 + 4s 3 ) > 
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k c tanh 2cs 3 
sinhc(si + s 2 



< (coshf (si — s 2 ) + 2 cosh f (si + s 2 )) coshc(si + s 2 ) coshc(si — s 2 ) 



2 cosh f (si + s 2 ) ( cosh c(si + s 2 ) cosh c(si + s 2 + 4s 3 ) + cosh c(si — s 2 ] 



(A13) 



"| /*00 /*00 ^00 

'2* = tf^ / ds 1 / ds 2 / 
lb Jo Jo Jo 



-3cs 3 k, 



ds 3 e- b2 ^ + ^n(s u s 2 ,s 3 ) 
coshcfsi — s 2 



v ( coshf (si — s 2 ) 



b z + ^ 



2 \sinhf (si + s 2 ) 



V iLyfCy 



00 /-oo 



sinhcfsi + s 2 )_ 



-fe 2 (si+s 2 )( 



+__£/ d5l i rf S2 / ds 3 e-°^ s ^n( Sl ,s 2 ,s 3 ) 
lb Jo Jo Jo 



b z + ~ 



v /coshf (si — s 2 ) 



cosh c(si — s 2 ) r 

+CS3K C — - — 7 + k c tanh 2cs 3 

sinhc(si + s 2 ) 



2 ysinhf (si + s 2 

coshc(si + s 2 + 4s 3 )" 
sinhc(si + s 2 ) 



+ vhlk v 



(AU) 



I roo roo roc „ 

^3X = --£/ dsi/ ds 2 / rf S3 e^ (si+S2) fi(si,s 2 ,s 3 ) 
o Jo Jo Jo 



A + ec ^tf'll 

2 smhcfsi + s 2 J 



26 2 + w 



/cosht>(s! — s 2 ) 
ysinhv(si + s 2 ) 

1 + cosh 2t> (si + s 2 ) + 3 cosh 2c(si + s 2 )) 



+ vh„k v 



-5 /-OO /-OO (-00 - 

-£/ dsi/ ds 2 / rfs 3 e- 6 ^ +S2 ^( Sl , S2 , S3 ) 
o Jo Jo Jo 

coshcfsi — s 2 ) 



2b 2 +v ( cOshv(s 1 -S 2 ) + , 



\ sinhf (§! + s 2 ) 



+-fc c + 2cs 3 A; c ^ — - 

2 smhcfsi + s 2 



+ k c cosh 4cs 3 + 2c sinh 4cs 3 



+2/c c tanh2cs 3 cosh4cs : 



coshcsi cosh cs 2 



sinhc(si + s 2 ) 
x (1 + cosh 2v(si + s 2 ) + cosh 2c(si + s 2 ) + 2 cosh 2c(s! — s 2 )) 



(A15) 



I Z" 00 Z" 00 Z" 00 79/ \ 

r 4 x = -— e/ dsj ds 2 ds 3 e- b ^ +s Msi,s 2 , 
62 Jo Jo Jo 



S3) 



(2 + cosh 2vs\ + b cosh 2cs\ 



\i> v i^ I cosht>(si — s 2 ) , 2 , \\ „ , , , , 

x \b + - cosh 2vs 2 -— — -. + vh,,k v + 3cs 3 fc c cothcfsi + s 2 ) 

V 2 \sinhu(si + s 2 ) // 

+ -/c c cosh2cs 2 5 — 3 — - — + 9ch c k c sinh2cs 2 + si <-> s 2 

2 V sinhcfsi + s 2 ) J 



OO /-OO 



"^/ ^1/ ^2/ rfs 3 e- 62 ^ +S2 ^( Sl , S2 , S3 ) 
62 Jo Jo Jo 



(2 + cosh 2vsi + 2 cosh 2cs\ 



nnn /,9 f , /cosht>(si — so) ,0, 

+4 cosh 2c si + 2s 3 6 2 + - cosh 2ws 2 -— — ) f + vh% 

\ 2 \sinhu(si + s 2 ) 
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1 / smhcfsi — S2) 

+cs 3 k c cothc(si + S2) H — K c cosh2cs2 5 — 3 — - — 

2 V sinhcfsi + s 2 ) 



3ch c k c sinh2cs2 



7 /cosh c(si — s 2 ) \ ~ 

-k c cosh 2cs2 tanh 2cs^ — - — — 8ch c + k c tanh 2css sinh 2c«2 x 

V sinh c(si + s 2 ) / 

sinhcfsi — s 2 )\ 7 , / sinhcfsi — S2)\ , 7 

4 - 3 , : : 4 ) + k c cosh 2cs 2 5 - 3 , , -{ - 10ch c k c sinh 2cs 2 



sinhc(si + s 2 
+Si <-► s 2 



sinhc(si + s 2 ) 
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coshcfsi — s 2 



xcosh2fSi cosh 2v s 2 + Scs 3 k. 
3 . r°° 



2 v /coshf (si — s 2 ) 
2 ysinht;(si + s 2 ) 

6k c cosh 2c(si — s 2 ) 

2 f /coshf (si — S2) 



x cosh 2t> si cosh 2t> s 2 + CS3&; C 



sinhcfsi + s 2 ) 



2 y sinhf (sx + s 2 ) 
— 2k c cosh 2c(si — S2) 



— - — + I0ch c J cosh 2c{s\ + s 2 + 2s 3 ) 

sinhc(si + s 2 ) / 

— 4/c c cosh2c(si + s 2 + 2S3) — 2c(5 — 9h c k c ) sinh2c(si + s 2 + 2^3] 



vri v K v 
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r 6 x = rH d«i/ ^2/ rf S3 e- 6(si+S2) fi( Sl ,s 2 , 
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26 2 + w cosh2wsi cosh2us2( vY?h v 
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sinhf (si + s 2 ) 



6CS3/C, 



coshc(si — s 2 ) cosh2c(si + S 2 y 
sinhc(si + s 2 ) 



+ -/c c cosh2c(si + S2) + 9ch c k c sinh2c(si + S2) 
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+-£/ dsi/ ds 2 ds 3 e- b ^ + ^Q( Sl ,S2,s 3 ) 

O JO JO JO 



26 2 + f cosh 2vsi cosh 2ws 2 ( vh 2 k v 



coshi>(si — s 2 )\ cosh c(si — S2) cosh 2c(si + S2"! 
H — — — ; : r I + 2cs 3 k c 



sinhf («i + s 2 ) 



sinhcfsi + S2) 



+ -k c cosh 2c(s\ + §2) + 3ch c k c sinh 2c{s\ + S2) + k c cosh 4cs3 cosh 2c{s\ — s 2 ) 



— 3k r sinh 4cS' 



sinhc(si — S2)sinh2c(si — s 2 ) 
sinhc(si + s 2 ) 



+ 2ch c k c sinh 4cs3 cosh2c(si — s 2 ) 
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, . A cosh3c(si — s 2 ) , sinhc(2si — s 2 + 4s 3 ) 
+/c c tanh2cs 3 2cosh4cs 3 ^r-; — ; : — + cn c 



sinhcfsi + s 2 ) 



sinh cs 2 



-ch, 



sinh c(2s 2 — s\ + 4sj 
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v(2 + cosh 2v$2 + 6 cosh 2vs 2 ) 



x< - 2sinh2„ 1 Sin !: t; ; gl - S2 \ + cosh2„ 1 COS u ht; / (Sl = ^ 
sinht>(si + s 2 ) sinhf(si + s 2 ) 

+vh 2 k v ( 2 sinh 2vsi (coth t> si + 2 coth t> s 2 ) + cosh 2v si (coth 2 vs\ + A coth 2 t>s 2 

- Si <-> s 2 



+4 coth f si coth VS2 
3 "» 



"5 z* 00 r°° p°° 9/ 

-— £ / <fei / rfs 2 / rfs 3 e- fe (si+S2) Q(si,s 2 ,s 3 ) 
o4 Jo JO jo 



v(2 + cosh 2t> s 2 + 2 cosh 2cs^ 



. . sinhf (si — s 2 ) , „ coshffsi — s 2 ) 

+4cosh2c(s 2 + 2s 3 )){ -2sinh2usi — — ; — { + cosh 2^ — 



sinhf (si + s 2 ) 



sinhf (si + s 2 ) 
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+4 coth vs\ coth f s 2 ) ) > + s\ <-> s 2 
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2cosh2, Sl sinh2, S2 Sin ! lt; ! Sl - S2 ? - 5sinh2, Sl sinh2, S2 ™ sMSl " ^ 



'sinhf (si + s 2 ) ' sinhf(s! + s 2 ) 
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16 

+6cosh2c(si + s 2 ) + 8cosht>(sx — s 2 ) cosh 3 c(si + s 2 ) 

+24 cosh t^sx + s 2 ) coshc(si — s 2 ) cosh 3 c(si + s 2 ) + s i ^ s 2 

3 ~ r 

Cl(si, s 2 , S3) 1 + cosh2t>S! + 2cosh2t>(s 1 + s 2 ) + cosh2csi 
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+2 cosh 2c(si + 2s 3 ) + 2 cosh 2c(si + s 2 ) + 4 cosh 2c(si — s 2 ) 

+8coshf («! — s 2 ) coshc(si + s 2 ) cosh 2 c(si — s 2 ) 

+ 16 cosh f (si + s 2 ) coshc(si + s 2 + 4S3) coshc(si + s 2 ) coshc(si — s 2 ) 

+8 coshf (si + s 2 ) cosh 3 c(si — s 2 ) + s x ^^ s 2 
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